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Abstract. The homogenized stiffnesses of the corrugated plate are calculated by solving the 
periodicity cell problem of the homogenization theory by using two-steps dimension reduction 
procedure. The three-dimensional cell problem first reduces to a two-dimensional problem on the 
plate cross-sections. Then, provided that the plate is a thin, two-dimensional problem, it reduces to a 
one-dimensional problem, similar to the problem of curvilinear beam bending. Using the specifics 
of the arising one-dimensional problem, we construct its solution, depending on several constants. 
As a result, the solution of the cell problem and the calculation of the homogenized stiffnesses 
are reduced to solving algebraic equations. It is found that essential calculations are necessary only 
for calculating the in-plane stiffnesses. The remaining effective stiffnesses are easily calculated by 
numerically calculating the integrals of known functions. Exact formulas are obtained for some 
effective stiffensses.  
The paper is initialized by the observation that since the pioneering work of the 1920’s until 
now numerous research publications have appeared that contain «new» formulas for computation of 
the homogenized stiffnesses of a corrugated plate. Those formulas differ one from another. 
 The fact that such a practically important problem known for about a century has not yet 
received a complete solution, arouses much interest and brings and begs for a definite answer. Its 
solution may be obtained on the basis of accurate and consistent application of elasticity theory and 
homogenization theory, which we provide in the present paper.  
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Introduction. The problem of computation of the homogenized (also referred to effective, 
averaged, macroscopic) stiffnesses of corrugated plates was first studied, apparently, in [1], and it 
keeps attracting attention to this day [2, 3, 4, 5, 6, 7, 8, 9, 10].  The recent progress in solving this 
problem is related to the development of homogenization theory [11, 12]. Homogenization theory 
on its own, although it has provided a theoretical basis for effective stiffnesses, could not provide 
any computational formulae: it reduced all computation to solving periodicity cell problems [11, 
12]. A periodicity cell problem for a corrugate plate is a problem from elasticity theory, and thus 
can be tackled with some specific methods of the latter [8]. In the case of thin plates (which is a 
frequent property of corrugated plates), there have been methods developed based in the theory of 
shells and curvilinear beams. A survey of related results can be found in [6], which is also one of 
the most recent contribution to the subject, see also references in [13]. 
All the approaches known so far to the problem of computation of homogenized characteristics 
for thin-walled structures deal with a model whose dimension is already reduced: in the case of 
corrugated shells it’s a two-dimensional model [5, 6, 14]. In the present work, we shall perform our 
computation of effective stiffnesses in two steps. First, we shall reduce a three-dimensional 
periodicity cell problem to a problem in the cross-section of the corrugated shell, as suggested in [8, 
15]. This gives rise to a two-dimensional elasticity problem and a problem of anti-planar 
deformation in the cross-section of the corrugated plate, i.e. in a thin two-dimensional domain. 
Second, we reduce the above problems to one-dimensional deformation and thermos-conductivity 
problems for a curvilinear beam: here an “approximation method” is used as described in [16]. 
Apparently, such a two-step dimension reduction is quite close to the method of asymptotic 
approximation for three-dimensional problems in thin domains [11, 12].    
The paper pays significant attention to the mathematical justification of the developed procedure 
of computation for the homogenized characteristics of corrugated plate. At the same time, the 
authors opine that the article is important primarily for mechanics. The reason for it is as follows. 
The formulas obtained by previous authors often do not coincide with each other for either one or 
several stiffnesses, see the review in [6]. 
Such a discrepancy cannot be considered as a progress in the analysis of the problem, because 
both the original problem of elasticity theory for a corrugated plate and the homogenization 
procedure for it have unique solutions. In this case, various formulas can arise only through the use 
of approximations that are significantly different from each other or due to methodological 
differences in solving the problem. While any methods that preserve the level of rigor of elasticity 
theory and homogenization theory are used, the formulas obtained must coincide. 
Therefore, it seems that developing a mathematically rigorous and clear method for solving this 
problem is quite an actual need in the mechanics of plates of inhomogeneous microstructure. 
The authors suggest a solution and a computational method. The advantage of this method is 
that it specifies the curvature  of the corrugation with natural parameterization (  means the 
path length along the corrugation) as the only control function for the problem. This simplification 
transforms the original problem into a system of linear ordinary differential equations with constant 
coefficients by substitution . However, the main idea is the use of the curvature  
and the angle  as principal papameters of the problem, and not the use of the natural 
parameterization.   
Such a simplification seems important, because the solution below does not leave any hope for 
the existence of more or less simple explicit formulas for computation the in-plane stiffnesses for 
arbitrary corrugation profiles. This is due to the need of “gluing” of solutions at the points of 
curvature’s change: the curvature of a “macroscopically flat” plate necessarily changes its sign. One 
can solve the corresponding system of algebraic “gluing equations” explicitly. However, the 
resulting formulas are so cumbersome that they are unlikely to be of interest to both practical 
engineers and mathematicians (in mathematics, other methods are used to analyze such situations, 
for example, methods of optimal control for continuous systems [17], and not direct analysis of the 
formulas).  
The calculation of the homogenized in-plane stiffnesses can be effectively implemented 
numerically for arbitrary corrugation profiles, but this represents a topic for a separate paper. 
The authors present an explicit formula for computation of the homogenized stiffness in the 
direction orthogonal to the corrugations profile for one particular type of corrugation. The fast that 
this formula acyually coincides with one in the existing literature, and that it is confirmed by finite 
element calculations, indicates only the absence of errors in our method, but does not imply the 
possibility of obtaining explicit formulas in the general case. 
For stiffnesses, except the homogenized in-plane stiffnesses, explicit formulas or expressions in 
the form of integrals of one-variable functions may be obtained.  
Let us consider a periodic corrugated plate which is represented by the three-dimensional 
domain depicted in Fig.1. There the principle direction  of corrugation is parallel to the axis, 
and С denotes the cross-section of the plate. Let  denote the periodicity cell of the plate as a 
three-dimensional body (highlighted in Fig.1).  The chosen periodicity cell can be represented as 
,  where  is the periodicity cell of plate’s section С. 
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Fig.1 Corrugated plate and its cross-section 
  
If the characteristic dimensions of the corrugated plate (the length of the corrugation wave and 
its height, see Fig.1) are small then we can associate the given corrugated plate and a flat plate with 
the governing equations  
, , (1) 
where  and  are the homogenized (macroscopic) deformations in the plane of the 
homogenized (frat) plate and its curvature/torsion,  and  are the moments and forces, while 
the following are the stiffnesses: - in the plane of the plate,   - bending/torsion and  
- asymmetric.  
Since the domain in our case is cylindrical with axis , all the respective periodicity cell 
problems about the shape of the corrugation wave (see Fig.2, left) and its deformations under the 
main types of global deformations are reduced to two-dimensional problems in the cross-section on 
the plate (see Fig.2, right). 
 
The periodicity cell of our plate is a thin curvilinear beam of thickness , whose medial line is 
given by the equation , c.f. Fig.2, right. Let us assume that the medial line is 
a smooth curve (i.e. without any “corner points”), which keeps symmetric with respect to the 
corrugation. Let  be the half-length of the corrugation wave, while the length of its projection on 
the  axis be , see Fig.2.  
 
 
Fig.2  3-D periodicity cell and its 2-D cross-section  
 
The medial line of the corrugation has a natural parameter , which is the length measured 
along it, and a natural coordinate system with unit vectors (respective, a tangent one and a normal 
one) { , }, such that . The system { , } is orthonormal. Let  be the coordinate in 
the direction of , and let  and  be the tangential and normal displacements, respectively.  
 
1. The effective tension stiffness and the effective bending stiffness in the direction across the 
corrugation profile.  As we shall see later, most computational effort is invested into the 
calculation of effective tension stiffnesses across the corrugation profile (i.e. in the plane of the 
section depicted in Fig.2) Thus, a good deal of our work concerns the tension of the corrugation 
waves in the direction. 
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1.1. Periodicity problems in two-dimensional elasticity theory. There are two cases in which 
two-dimensional periodicity problems arise in the elasticity theory for corrugated plates:  a 
periodicity problem for the tension along the   axis (for computing the effective in-plane 
stiffness ) and a one for bending in the plane orthogonal to the plate’s section (for computing 
its effective bending stiffness ). In other cases only anti-plane deformation problems arise, for 
which we arrive at a single equation. Another way would be using the universal relations between 
plate’s homogenized stiffnesses  and avoid any periodicity problems altogether.   
Any of the above mentioned periodicity problems are then reduced to a two-dimensional 
elasticity problem on the plate’s section. In the present notation, the periodicity cell problem takes 
the form  
 
(2.1) 
(2.2) 
(2.3) 
 is the two-dimensional displacement vector in the plane, the index  
takes 0 and 1:  corresponds to the tension along ,   corresponds to the bending in the  
 plane, in the direction orthogonal to the plate’s section (across the corrugation waves). 
It is known that the respective displacements exist if the deformations are given by 
, c.f. [18]. Then one can introduce such functions  that 
(2.1) and (2.2) take the following form (c.f. [8]) 
 
(3.1) 
(3.2) 
where 
  
If the corrugation is symmetric with respect to the medial line of the plate (across the 
corrugation waves), then the periodicity condition (2.3) is replaced by 
 (3.3) 
The stiffness  can be computed as [11, 12] 
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From (2) we obtain the equality  
 (5) 
and thus 
 
 
By using (5), we obtain further 
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and the stiffnesses  in (4) can be computed via the elastic energy 
 (6) 
The boundary condition (3.3) corresponds to the unit relative displacement or to the unit torsion 
of the plate’s ends. (see Fig.2). If the relative displacement or torsion equals instead, then (3.3) 
becomes , and (6) subsequently turns into 
 (7) 
Here  is actually the homogenized deformation  of the homogenized plate if  and the 
curvature  if . The multiplier  is the length of the projection of the corrugation wave 
onto the axis. This means that  is the energy of a single corrugation wave of the 
homogenized plate. Now formula (7) expresses the fact that the original corrugated plate and the 
homogenized flat plate have equal energies, which is one the main principles in homogenization 
theory as applied to the inhomogeneous elastic materials and structures [19]. We deduced it in our 
specific case to make use of later in the sequel.  
 
1.2. Equilibrium equations for curvilinear beam corresponding to a periodicity problem 
for a corrugation wave. For periodicity problem such as (1) with  and  the equations 
(3.1) and (3.2) coincide except for their respective boundary conditions. Namely, we shall use the 
boundary conditions (3.3), which correspond to the tension of the periodicity cell along the  
axis (for ) and bending in the plane transversal to the corrugation cross-section (in order to 
compute ). 
Let us derive the equilibrium conditions. Since the profile of the corrugation is given by some 
functions ( ) its curvature  is a known function. The curvature radius of the initial 
medial section  is much bigger than the plate’s thickness, so that the thin shell theory 
applies [20]. We shall use its methods in order to obtain a boundary problem for a curvilinear beam 
(which corresponds to a two-dimensional periodicity problem). In this case deformation in the fiber 
parallel to the beam’s middle (neutral) surface 
, (8) 
where its middle (neutral) surface deformation is  
, (9) 
and the change in the curvature equals 
. (10) 
The quantity 
 (11) 
is the rotation angle of the tangent vector (or, equivalently, of the normal n), see Fig. 1. 
The two-dimensional periodicity cell problem for the corrugation wave corresponds to the 
planar stressed state - displacement orthogonally to its cross-section is zero, see [8, 15]. The 
corresponding potential energy of the deformation (8) can be expressed as 
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(12) 
The equilibrium conditions follow from the fact that the variation of (12) is vanishing: 
 
 
(13) 
Integration (13) with respect to yields 
 
 
(14) 
Integrating (14) further by parts, we obtain 
, 
. 
 
(15) 
The above equations (15) are the one-dimensional equations for the approximate problem to the 
initial two-dimensional problem (3).  
Let us transform (16) into a system of first order equations. Let’s first introduce the notation 
 (16) 
Then (15) takes the form 
, , (17) 
with .  Let’s also put 
 (18) 
With notation (18) the equations in (17) become a first order system of six equations about the 
six functions  (which we group in pairs for convenience). 
     
 
  
(19.1) 
 
 
(19.2) 
 
(19.3) 
  The elastic energy (6) for a half-wave is  
. 
 
(20) 
The quantities in (14) and (20) have the following meaning (in addition to what is already 
explained above):  is the resultant axial force,  is the axial deformation ,  
 is the sheer force,  and  is the change of the beam’s axial curvature. 
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Fig.3 Tension and bending of the periodicity cell 
 
Fig.4 Corrugation half-wave 
 
1.3. Computing the tensile stiffness . As already noted, the equilibrium conditions (14) are 
the same for the bending and tension of the corrugation wave, the only difference being the 
boundary conditions. Let us write down the boundary conditions for computing the tension of the 
corrugation wave depicted in Fig.3 on the left. The points A and B of the corrugation can freely 
move in the upward and downward directions, and the sheer force  at these points is equal to 
zero.  
 
(21.1) 
(21.2) 
(21.3) 
(21.4) 
 
(21.5) 
(21.6) 
 
The above condition (21.2) can be achieved by moving the half-wave as a solid, which does not 
influence the equality . 
The system (14), and thus the mechanical properties of the corrugated plate, depend only one a 
single functional parameter: the curvature of the corrugation profile. Here, the curvature  
is a non-constant function, since  defines a circle, and thus precludes us from creating a 
plate. 
The angle between the tangent vector  to the medial line of the corrugation and the axis  
equals .  We shall consider only smooth corrugation plates without creases (where 
) or flats (where  on some intervals). For the cases where such things as creases 
and flats are allowed, c.f. [21]. In our case, since the corrugation wave is symmetric and smooth, we 
have that . We shall use  as a new variable: however passing to it is possible only on 
segments where  is monotonic, i.e. where does not change its sign.  
We shall consider the case where the corrugation wave is symmetric, and the corresponding 
half-wave covers two segments of monotonicity for . Without loss of generality, we assume 
that  for  and  for , see Fig.4. A generic profile of such corrugation 
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is shown in Fig.1. This case is very widespread in practice, and our method is applicable for a 
bigger number of monotonicity intervals.   
Solution to the problem (19), (21) for  (i.e. while ). The system of equations 
(19.3), once we put , becomes 
 
 
(22) 
The characteristic polynomial of (22) equals , whose roots are  . Then the 
general solution to (22) has the form [22] 
 . 
 
Using the boundary condition (21.3) together with the fact that  leads to  
, and thus  
. (23) 
By using the equations (19.2), we obtain 
, 
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(24) 
 
 
 
In (24) we use the functions  
, . (25) 
 
Since (21.4) holds, and , it follows that we have in (24).  
Let us now consider (19.1). The corresponding homogeneous system, once we put 
, takes the form 
 
 
(26) 
 
 
The characteristic polynomial of (26) equals , and has roots  . Thus, the general 
solution to (26) is 
 (27) 
In order to obtain the general solution to (19.1) we need to find its particular solution. We shall 
seek it as the following ansatz:   
 (28) 
By substituting (28) into (19.1) and using  , we obtain 
. (29) 
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By solving (29) we get  
, 
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(30) 
 
Finally, it follows from (30) that  
, 
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where 
, 
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(32) 
 
 
Thus (19.1) has a particular solution of the form    
. 
 
(33) 
Then (27) and (33) provide the general solution to (19.1), which is 
, 
 
(34) 
where 
,
. 
 
(35) 
We shall use the boundary conditions (21.1), (21.2) and the fact that at  we have that the 
functions in (32) vanish: , , , , and . Then (34), 
(35), (21.1) and (21.2) yield 
, 
 
which immediately implies that . Then 
= 
. 
 
(36) 
The constants  and  in the above solution to the problem (14), (16) with  are yet 
to be determined. 
Solution to the problem (14), (16) for  (i.e. while ). In this case we need to 
obtain a solution to (14) for  and make it merge at  with the previously obtained 
one for .  
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The solution for the case where  is obtained in complete analogy with the previous 
section and has a similar form. The angle between the tangent vector and the axis is equal to 
, where . The main problem is merging the two obtained solutions 
at  in such way that the resultant function be continuous.  
The general solution to (19.3) for has the form 
. (37) 
The index «+» indicates that the corresponding constants belong to the case where  . The 
-functions are defined analogously to those in (24) while substituting   with . 
We shall equate the values of the functions  and  given by (37) with those of and  given 
by  (23) at  . Thus, we obtain 
 
 
(38) 
By solving (38) one gets , , which means that  and  are given by (23) 
also for  , and thus for all . By taking (23) into account, the solution to (19.2) for 
 is  
,   
 
(39) 
 Merging the functions ,  given by (39) with the functions ,  given by  (24), together 
with the fact that  and ,  yields 
. 
. 
 
(40) 
 
The functions ,  for  can be found analogously to (34) and have the form  
. 
 
Merging these functions ,  with the functions  ,  given by (36) together with 
, , ,   yields 
 
 
(41) 
Since  and , the boundary conditions (21.5), (21.6) yield 
, 
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(42.1) 
(42.2) 
We still need to determine the constants ,  , ,  in the solution obtained for 
, as well as the constants  and  in the solution for . Thus, we have yet six 
undetermined constants. As well we have the six equations in (41), (40) and (29). From (41) we 
find 
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By substituting (43) into (42.1), we obtain 
, 
, 
. 
(44) 
The functions  are completely determined by (35). 
So far we are left with the four equations in (40) and (42.2), namely 
, 
, 
. 
(45.1) 
(45.2) 
(45.3) 
The four equations from (44), (43) provide , ,  and . From (45.3) we get 
. (46) 
From (45.3) and (46) it follows that 
. (47) 
From (45.2) and (47) moreover 
. (48) 
From (44) and (48) we obtain 
 
 
and 
. (49) 
Thus the equalities (46)-(49) determine the constants  , ,  and .  
The energy  is obtained by substituting our solution to the problem (14), (16) into (20). 
Since in this case , the average deformation of the corrugation profile along the  axis is 
, where  is the length of the corrugation half-wave’s projection onto . The effective 
tensile stiffness  of the corrugated plate along the  axis is determined from the fact that the 
initial energy of the corrugated plate and that of the corresponding homogenized flat plate coincide 
[8, 15], i.e.  (the energy density multiplied by the length of the 
homogenized plate’s specimen corresponding to the initial corrugated plate). We easily obtain 
. (50) 
Thus, the effective tensile stiffness  of the corrugated plate along the  axis can be 
explicitly written by using the functions from (25) and (36). All the indicated functions are integrals 
of some known ones. The latter can be easily computed numerically, if not symbolically.  The 
asymmetric stiffness equals  
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(51) 
Above, in (51), we use such   and  that  and , while  
corresponds to . 
 
2. Example. Let us consider a corrugation profile which is composed from two quarters of circles 
having each radius , as depicted in Fig.5 Each quarter-circle’s length is , and the total half-
wave’s length is thus . For  the curvature equals . We shall 
compute the effective tensile stiffness along the  axis for this corrugation profile. 
 
 
Fig.5 Two quarter-circles constitute a corrugation profile 
 
Because the corrugation half-wave is antisymmetric with respect to its midpoint   in Fig.5, we 
shall consider a corrugation quarter-wave  instead. We have the boundary conditions (21.1) - 
(21.4) on its upper end . On its right end  we have the boundary conditions 
 
(52.1) 
(52.2) 
In particular, (52.1) means that the bending momentum at  is zero, which is implied by the 
inner symmetry of the problem. The condition (52.2) is also implied by the symmetry, as it becomes 
obvious from Fig.5. 
Thus, we need to find a solution only for  with . The general solution that 
we obtained above for  has two undetermined constants:  and . In order to 
determine them we shall use the two conditions from (50).  
For the upper quarter of the corrugation wave .  
It follows from (24) and (52.1) that 
, (53) 
Then (36) and (52.2) together with ,  yield 
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This way we have two equations (53) and (54) in order to determine the constants  and . In 
order to solve (53) and (54) we need the values  , , and . Since 
, then (25) provides 
,  , 
. 
 
(55) 
and, from (32), we get 
 
. 
 
(56) 
 
 
 
 
Then, subsequently, we obtain from (53), (55), and (56) that 
. (57) 
From (54) and (31) that 
. (58) 
And, finally, from (57) and (58) we get  
, . (59) 
Now we shall consider the functions concerned with the energy integral  in (20). The 
function  has the form ,  and then (23) and (59) yield 
, 
 
while (24) and (59) provide 
. 
 
The elastic energy of the half-wave equals 
 
 
 
In our example the length of the half-wave’s projection on the axis is , while for the 
displacement it holds that  The corresponding macroscopic tension along the 
axis, i.e. the macroscopic deformation, equals .  Corresponding energy is 
. Then for the given corrugations profile its effective tensile stiffness  along 
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can be determined by equating the energy corresponding to the macroscopic deformation to the 
energy of the half-wave:  
. 
 
Since  and  we obtain 
. (60) 
For thin shells we have that  and . By dropping , we obtain from (60) an 
approximate formula 
, 
 
where  is the bending stiffness of the corrugated plate.  
A formula for  given in  [5] is  , and the one from [23], is  for 
any . Once , the leading terms of both of them equal exactly . Also, [5] provides 
numerical experiments by using planar (two-dimensional) finite elements of type SHELL63 in 
ANSYS which confirm the above formulas for the tensile stiffness in our example.  
 
3. Computing the effective bending stiffness .  In this case, the periodicity cell problem 
consists of the standard equilibrium equations (14). The boundary conditions (15.5), (15.6) on the 
right end of the half-wave are as follows, c.f. Figs 3, 4:  
 
(61.1) 
(61.2) 
The condition (61.1) means that while bending there is no axial force in the homogenized (i.e. two-
dimensional) plate.  
In this case we can solve the problem (14), (16) explicitly. By using the fact that , and 
also (23) together with the remarks after formula (38), the conditions (39) take the form 
, 
. 
(62.1) 
(62.2) 
Then (62.1) yields , and (62.2) provides  
. 
(63) 
The continuity condition for ,  at  has the form (40), from where we get  
,  
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(64) 
Since , then (64) yields 
, . (65) 
Then from (63) and (65) we obtain 
, , (66) 
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which, together with , determine the following functions from the problem (14), (16): 
, , (67) 
. 
(68) 
The axial displacement and bending are a solution to the problem 
 
 
(69) 
 
The problem (69) can be explicitly solved, however we do not need its solution in order to 
determine the effective bending stiffness. In this case we need only the energy integral , for 
which the functions we found in (67), (68) and (20) already suffice:  
. 
(70) 
The condition (61.2) means that the normal vector makes a ‘unit rotation angle”. We shall 
compute the macroscopic curvature corresponding to a unit the rotation angle of the normal to the 
homogenized (one-dimensional) plate with length . In our subsequent computations in this 
section  and  are Cartesian coordinates. For a cylindrical bending we have  and 
. The unit the rotation angle of the normal vector at length  means . Thus, 
we obtain  and the average curvature of the corrugation profile equals . Its energy 
is . 
The homogenized bending stiffness  of the corrugated plate can be expressed from the 
equalities of the energies of the homogenized plate and the corrugation: . By 
substituting  from (70), we obtain 
. (71) 
The quantity  is (71) the ration of the corrugation wave period to its length and does not 
depend on the exact form of the corrugation profile.  
The above formula (71) for  already appears in the pioneering works [1, 24]. The 
homogenization method confirms once again its validity.  
 
On the dependence of effective stiffnesses on the coordinate system. The work [6] uses the 
common and widely recognized formula in order to compute  (where  is the half-
wave amplitude as shown in Fig.3), as well as a number of other formulas, which are distinct from 
each other. In this regard, we need to discuss the problem of dependence of the bending stiffnesses 
on our choice of the plane  transversal to the plate: the mentioned discrepancies, although not 
all of them, can be explained by such dependence.  
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When we apply a coordinate change  
 (a=1, 2),   (72) 
The solution  to  problem (1) in new variables is related to its solution  in old 
variables by , while the effective stiffnesses (4) under the 
coordinate change (72) are transformed as follows:  
, , .  
The genuine “physical” effective stiffness of the plate is its invariant stiffness:  
. (73) 
The above quantity does not depend on  and thus remains invariant under the transformation 
(72). Apart from being invariant, (73) also enjoys the following properties:  it equals the minimum 
of the non-invariant stiffness , and the equality is reached for a  such that , 
c.f. [18]. 
Note. In the case when the plate is homogeneous, the value of , determined from the 
condition  determines the neutral plane of the plate given by . The 
corresponding homogenized plate is also homogeneous, however it does not guarantee that the 
quantities  for  and  coincide. 
This gives rise to the question whether and when the non-invariant stiffness  and the 
invariant stiffness  coincide.  It follows from (73) that  once . 
By multiplying (3.1) by   when  and by further integrating it provided boundary 
conditions (3.2) and (3.3), we obtain  
 (74) 
for a corrugation profile that is symmetric with respect to its medial plane.  
In (74) we use the fact that the strains on the right  and left  boundaries of the 
periodicity cell coincide, while the corresponding normals are opposite, c.f. Fig.2). The 
corresponding displacements equal  and , as in (3.3). Then, from (4) and (74), we obtain  
 (75) 
where stress . 
In the case of a thin plate, the integral in (75) is the normal force on the right end of the 
corrugation profile .  Thus, the condition that  implies . The above 
solution is obtained under the assumption (61.1) . Then the stiffness computed in (71) 
equals the invariant stiffness .  
  
4. Computing the effective stiffnesses , , , and . The universal relations 
between stiffnesses. Relations between homogenized constants are called universal if they do not 
depend on the specific microscopic structure of the solid [25]. 
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 It seems that the easiest way to compute the above-mentioned quantities is by using the 
universal relations between the corrugated plate’s homogenized stiffnesses established in [8]. 
Namely, the relations from [8] take the following form in our present notation: 
,  (76) 
and  
,  . 
 
(77) 
    Let us compute the integral in (77).  We obtain (  means coondinate along the normal vector 
) 
,    
 
 
Then 
,  . (78) 
The formulas (78) above have a good deal of proximity to [6, formulas (13) and (27)]. Namely, 
they coincide if we do not expand the terms  and  of the latter. However, our expression 
for  and   are different from those in [6]. The only reason for this discrepancy is the 
choice of coordinate system, as discussed above. The first term in the brackets in formula (78) has 
order 1 in , while the other two have order 3 in . Thus, if  we can rewrite (78) as an 
approximate formula 
 . 
(79) 
 
5. The effective stiffnesses  , . The periodicity cell problems of homogenization theory 
for the mentioned stiffnesses are reduced to a single differential equation that corresponds to anti-
planar deformation, c.f. [8, 15]. Namely, if  then the periodicity cell problem takes the form of 
a Laplace equation 
 
(80) 
Then the formula for the effective stiffness becomes  
. (81) 
If , then the periodicity cell problem takes the form of a Poisson equation, c.f. [8]: 
 
 
(82) 
and the respective formula for the effective stiffness is given by [8] 
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.  (83) 
The problems (80), (82) can be treated as thermal conductivity problems since the latter are 
well-understood [26]. 
Solving the problem (80). It is more convenient to solve (80), as well as (82), on the whole 
corrugation wave, and not on the half-wave. 
The natural coordinate system { , } with the respective coordinate ( , ) is orthonormal. By 
[26], the Laplacian is invariant under a coordinate change from one orthonormal system to another. 
Then (80) takes the following form in the natural coordinates ( , ):  
 
 
(84) 
We can verify by direct substitution that (84) has the following solution:  
. (85) 
Further,  and for the function in (85) we have 
. Thus the integral in (81) becomes 
. 
 
Finally, 
. 
 
(86) 
We compute , and since , formula 
(86) provides 
. (87) 
There are different opinions in the literature concerning the computation of . E.g. [6] 
mentions  (in our present notation) as a standard and widely accepted formula (c.f. 
formulas (15) and (17) in [6]). Another formula given in [27] (c.f. formulas (16) and (17) in [6]) 
coincides in (87). The homogenization method verifies the ones in [27]. 
Solving the problem (82). The problem (82) takes the following form in the natural 
coordinates: 
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Its solution is  
. (89) 
This can be verified by substituting (89) into (88) directly. Moreover,  
  
and for the function in  (89) we have . Thus, the integral in (83) becomes 
.  
In the formula above we use the fact that . Then, finally, we arrive at 
. (90) 
Here we have to stress the fact that computing  by the classical homogenization method is 
not practically feasible for thin plates because of the high numerical instability of its formulas for 
homogenized stiffnesses.  Namely, the formula for  implies computing a difference of two 
integrals whose values are much bigger than the said difference [8]. This makes the stiffness  
sharply distinct from other stiffnesses, for which the homogenization method works correctly. 
Because of this issue, the problem (82) for computing the value of   was introduced in [8], and 
its solution provided numerically stable formulas. For thin plates, (82) provides a simple formula 
for given in (90). 
 
Тable 1. Formulas for effective stiffnesses of corrugated plates 
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In Table 1, we collected all the effective stiffnesses for corrugated plates, and the corresponding 
formulas. Only  and  have explicit formulas, while and  are explicitly related 
to other stiffnesses from the table. The values of  and do not depend on the actual form 
of the corrugation profile. The formulas (78) and (90) for  ,  are simple enough, although 
not explicit. In-plane stifnesses  and  are expressed through . The computing the 
tensile effective stiffness  in the plane transversal to the corrugation wave requires some 
effort. It is unlikely that such computations can be performed symbolically. However, all the 
formulas from Table 1 can easily be used for numerical computations. The above procedure for 
computing , can be realized as a computer routine.  
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Conclusions. In the present paper we compute the effective stiffnesses for corrugated plates by 
approximating the corresponding periodicity cell problem with a homogenized problem for 
curvilinear beams.  Such an approach is the closest one to homogenization theory, while we solve a 
periodicity problem of homogenization theory by methods specific to elasticity theory. 
The resulting effective stiffnesses turn out to be dependent only on a single function, which is 
the curvature of the corrugation profile (all the geometric parameters in (79) and (90), such as the 
angle and the amplitude of the corrugation wave can be expressed through its curvature). 
The computation of effective stiffnesses, except in-plane stiffnesses ,  and , is 
performed either by explicit formulas, or by calculating the values of relatively simple integrals 
related to the angle and curvature of the corrugation wave. In some cases, these integrals can be 
computed in explicit form, and they can be always computed numerically. The computation of 
effective in-plane stiffnesses ,  and  is reduced to the computation of . This 
requires some effort. We note that the procedure for computation of  demonstrates that there 
exists no simple exact formula for computation of  (thus, , ) for corrugation of 
arbitraru shape. 
 We have considered in detail only smooth corrugation profiles (i.e. those without creases and 
flats) which split into two intervals where the curvature of the corrugation wave keeps constant 
sign. Our method is generalizable to more than two such intervals, which requires merging 
solutions in more than a single point. 
 As well, our method can be adapted to corrugation profiles with creases and flats. Namely, in 
the cases of creases we need to address the issue of merging solutions at each such a crease. This is 
doable, since the problem of joining beams at non-smooth angles is solved in [28, 29]. As for the 
case of flats, at each flat we deal with a linear beam, and the problem actually simplifies.  
However, we need to merge all the solutions that we obtained on different intervals, which can 
be hard to do manually provided that the number of intervals can be great. It seems that this issue 
can be reasonably addressed by developing a computer routine. 
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